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1. INTRODUCTION 
The evolution of man’s ability to assign symbols to stand for objects or ideas, to 
set up relationships between them, and to operate with them on a conceptual level 
has played an essential role in the development of mathematics. Research into the 
early history of algebra would inevitably involve the question of how man ac- 
quired this ability. 
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The solutions of linear equations formed one of the earliest areas of algebra. In 
ancient China, this field was developed to an advanced stage largely because of 
the computational facilities provided by the rod numeral system. The term “linear 
equation” invokes different connotations, although we usually think of it in terms 
of our modern notations. In this paper, we define a study of the early solutions of 
linear equations as an investigation into the methods that were used to solve 
problems that today can be solved by the modern methods of linear equations. 
This paper endeavors to give a brief survey of the main methods used in tradi- 
tional China. These methods were employed to solve problems that we would now 
describe as involving linear equations of the following types. 
Type 1: ax = 6. For the other types, they are sets of simultaneous equations of 
the form 
n 
c aijxj = bi, where i = 1, 2, . . . , n. 
j=l 
Type 2: n = 2. 
Type 3: n = 3. 
Type 4: n = 4. 
Type 5: II = 5. 
2. THE BACKGROUND 
Before we discuss the methods, it is necessary to give a brief description of the 
medium through which the ancient Chinese evolved the subject. Rods were used 
to form numerals, and the numeral system used a place value notation with 10 as 
base. The system was conceptually identical with the Hindu-Arabic numeral 
system and had the same convention of placing the digits from left to right in 
descending order [ 11. Despite their being formed from rods, the numerals, similar 
to written numerals, had free mobility and could be placed anywhere on a flat 
surface, which we call a counting board. 
The rod numeral system played a dual role. It was used by mathematicians and 
nonmathematicians to perform arithmetic computations such as addition, subtrac- 
tion, multiplication, and division, and it was also the medium through which 
mathematics developed. In fact, the greater part of traditional Chinese mathemat- 
ics was evolved through this system. 
A traditional Chinese mathematical text has a general pattern; each problem is 
stated with its answer, followed by the solution. In the solution, the reader would 
be asked to perform certain steps and calculations to arrive at the answer. The 
procedure of the solution would have to be performed by means of rod numerals. 
However, the various stages of computation as displayed on the counting board 
and the associated rod numeral notations were seldom recorded in books. (There 
were some exceptions in 13th-century treatises.) The thought process of the deri- 
vation of concepts and methods was also rarely demonstrated. These procedures 
were understandably difficult to record because the medium through which the 
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ideas had evolved was not in a written form. The recording of numbers in the text 
was in written numerals and not in rod numerals, and the concise description of 
methods and concepts was interwoven with technical terms. These terms were 
part of the rhetorical language enunciated by the computer as he deduced the 
solution of the problem on the counting board. 
A modern reader examining an ancient Chinese mathematical text must there- 
fore use much more imagination than when he examines a mathematical script in 
which all stages of the working and their explanations are written down. In the 
following description of the methods used by the Chinese to solve linear equa- 
tions, we have tried to give as accurate an interpretation of the text as possible. 
An important aim of this survey is to show how the ancient Chinese mathemati- 
cians notated the mathematical concepts of linear equations through the rod nu- 
meral system and were thus able to solve them. This is a significant illustration of 
man’s early attempt to encapsulate complex mathematical concepts into concise 
notations. 
3. THE ANCIENT TRADITION 
Seven methods quite commonly used by the ancient Chinese are discussed in 
this section. Except for Methods V and VII, the other methods are recorded in the 
Jiu zhang suanshu [d]* (Nine chapters of the mathematical art); therefore, we can 
conclude that these were already known by the first century A.D. The earliest 
reference to Methods V and VII was by Liu Hui [k] of the third century A.D. 
Method I 
This method concerns simple proportion and is known in commercial arithmetic 
as the Rule of Three. If four numbers satisfy 
x:a = b:c, 
then 
x = able. 
This method is called jin you [e] (lit. now there is) and is described in JZS ZZ [2] 
[Qian 1963, 1141. The names of the terms are suo qiu Zii [f] (rate of the requested 
item) for a, suo you shu [g] (amount of the given item) for b, and suo you Zii [h] 
(rate of the given item) for c. 
This rule originated in the barter trade. JZS ZZ begins with a table giving the 
exchange rates of 20 basic foodstuffs. The 31 problems illustrating this rule are 
concerned with how much of a certain type of foodstuff can be exchanged for a 
given quantity of another type according to the table of rates. After this introduc- 
tion, the method is applied not only to problems of exchange but also to problems 
of various topics. The following is an illustration. 
* Lower case letters refer to the glossary of Chinese characters at the end of the article. 
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Problem 1: JZS VI, 15 [Qian 1963, 1931. 
A man brings 12jin [i] of gold through the customs. The tax levied is one tenth of the value. If 
the customs officer takes as tax 2jin of gold and pays back the man 5000 qiun [j] in cash, find 
the worth in qiun of 1 jin of gold. Answer: 6250 qiun. 
The method given for this problem of Type 1 is 1 jin of gold = (5000 X 10)/(2 x 10 
- 12). Liu Hui [k] explained that the jin you method was employed here, where 
5000 was the suo you shu, 10 the suo qiu iii, and the divisor, 8, the suo you lii. 
Method ZZ 
This method from JZS ZZ [Qian 1963, 1271 called the qi iii [I] (lit. their rates; that 
is, according to their quality or worthiness) arose from practical sociological 
needs. If a pieces of goods are to be sold for a fixed amount b of cash, the cost per 
unit item of goods may have a fractional part. When this is the case, the cost 
cannot be quoted in this form as the cash used is qian [j] or coins, which have no 
smaller denominations. If the price per piece is quoted to the nearest integral 
value of qian, this would incur either a loss or a gain. In order to avoid such a 
situation, the following method in which some (selected) higher quality goods are 
sold for 1 qian more than the rest is derived. 
Since b/a = q + r/a, where q and r are positive integers and r < a, the price of Y 
pieces of (higher quality) goods is q + 1 qiun each and that for a - r pieces is q 
qian each. Note that r(q + 1) + (a - r)q = aq + Y = b, which is the given amount 
of cash. This method is used in the following problem. 
Problem 2: JZS ZZ, 38 [Qian 1963, 124-1251. 
If 576 qian can buy 78 pieces of bamboos, find the lower and higher rates and the correspond- 
ing number of pieces. Answer: 48 pieces at 7 qian each and 30 pieces at 8 qiun each. 
Method ZZZ 
This method solves problems concerning surplus and deficit and hence its name 
ying bu zu [ml. Most of these problems can be classified as involving Type 2 
equations. JZS VZZ discusses three cases of this method: (i) ying bu zu [ml, surplus 
and deficit; (ii) liang ying [n] or Ziung zu [o], two surpluses or two deficits; (iii) ying 
[p] shi zu [q] or bu zu [r] shi zu [q], surplus and exactness or deficit and exactness 
[Qian 1963,206,208,209]. The first four problems of the chapter illustrate case (i) 
and the first of these is as follows [3]: 
Problem 3: JZS VII, Z [Qian 1963, 2051. 
A certain number of persons are buying articles. If each person pays 8 there is a surplus of 3 
and if each person pays 7 there is a deficit of 4. Find the number of persons and the cost of the 
articles. Answer: 7 persons, the articles cost 53. 
In the working, we are asked to put the rates Z?, and R2 (suo chu iii [s]) and their 
respective surplus S or deficit D in two columns on the counting board as follows: 
R2 RI 
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For the above problem, I?, = 8, S, = 3, R2 = 7, and D2 = 4. Next, we are asked 
to cross-multiply and add the products. We are also asked to subtract the smaller 
rate from the larger one. If we denote this difference by our notation (RI - R2( 
(that is, the absolute value of R, - R2), then the number of persons x1 and the 
cost of the articles x2 are given as 
SI + 02 Wh + R2& 
x1 = I& - R21 and x2 = I& - R21 * 
With our present notation, problems of this type involve the following set of 
equations: 
Rlxl - x2 = S1 
R2x, - x2 = -D2. 
Case (ii), involving two surpluses, has the equations 
Rlx, - x2 = S1 
R2x, - x2 = S2, 
and the solutions are given as 
I& - s2l )R,S2 - R2Sl1 
x1 = I& _ R21 and x2 = IR, - R21 ’ 
The other possible pair of equations (involving two deficits) is 
Rlxl - x2 = -D1 
R2x, - x2 = -D2, 
and their solutions are 
IDI - 4 
x1 = JR1 - R21 
and x2 = (RJh - R&l 
I& - R21 - 
The numbers displayed on the counting board are 
either R2 RI or R2 RI 
s2 Sl 02 DI. 
Case (iii) has the equations 
Rlxl - x2 = S1 
R2x, - x2 = 0, 
and the given solutions are 
SI R2S1 
x1 = I& _ R21 and x1 = (R, - R21’ 
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Alternatively, 
R,Xl - x2 = -D, 
&X1 - x2 = 0, 
and the solutions are as above with St replaced by Dr. The tabulation of the 
numbers on the counting board is 
either R2 R1 or R2 R, 
Sl 0. 
The vacant space at the bottom of each first column implies that there is neither 
surplus nor deficit. In computation, it is treated in the same way that we employ 
the concept of zero. 
Method IV 
In this method, a pair of numbers or “rates” is presumed for the purpose of 
artificially creating a “surplus and deficit” problem, so that Method III can be 
applied. In JZS VII, 9 to 20, this method is used. The method is called the Rule of 
False Position in the West, where it is sometimes associated with the long-winded 
way of solving a simple linear equation in one unknown [Smith 1925, 4371. How- 
ever, a close examination of the problems in JZS VII indicates that they are not 
straightforward [Lam 19741. If they involve equations of Type 1, they are usually 
of a complicated nature (for example, see Problem 4 below). Some involve equa- 
tions of Type 2 and even Type 3, while others must be solved using geometrical or 
arithmetical progressions. Why is this method applied to such a variety of prob- 
lems? Before answering this question, we note that Method III is easy and can be 
mechanically applied. When the mathematical mind has not reached the stage of 
conceptualizing in terms of symbols, and when a problem is complicated, it is 
quite natural to apply this method so that the answer can be quickly and mechani- 
cally obtained rather than to try to devise another method. In his paper on the 
Rule of False Position, A. J. E. M. Smeur [1978, 681 had similar comments. “Its 
importance, ” he said, “is that it is not necessary to frame an equation first but that 
one can calculate at once with any number after which the correct result can be 
found from the deviations. This really is important for it is well-known that for the 
less experienced, when meeting with quite simple problems as mentioned, the 
difficulty is not to solve an equation (which can easily be learned) but the main 
difficulty is first to frame such an equation by reading the problem very carefully.” 
Method V 
This method can be regarded as an inversion of operations method, in which the 
operations refer to the four fundamental operations of arithmetic. For example, if 
an equation consisting of such operations is of the form 
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{(x + a) - 6) x c + 6 = d, 
then the answer is x = {d x 6 -+ c} + 6 - a. This is best illustrated by the following 
example. 
Problem 4: JZS VII, 20 [Qian 1963, 2181. 
A man invests a certain amount of money in Sichuan where the interest is 30 percent. He 
withdraws 14000 qiun [j] the first time, 13000 the second time, 12000 the third time, 11000 the 
fourth time, and 10000 the fifth time. On the last occasion, he has withdrawn all his money 
including interests. Find his capital and the total interest. Answer: The capital is 30468 848761 
371293 qiun and the interest is 29531 286417/371293 qian [4]. 
If x is the capital, the equation is 
({[< x (1 + +$J) - 14,000 > (1 + & - 13,000](1 + &) - 12,000}(1 
+ &) - 1 l,OOO)( 1 + &) - 10,000 = 0. 
Liu Hui used Method V when he suggested the following working [Qian 1963, 
2191: 
x = ({[(10,000 X 10 + 13 + 11,000)10 + 13 + 12,000]10 + 13 + 13,000}10 + 13 
+ 14,000)10 + 13. 
In JZS, this problem was originally solved by Method IV. Using the notation of 
Method III, the assumed amounts of the capital are R1 = 30,000, which gives a 
deficit Dr of 1738+, and R2 = 40,000, which gives a surplus S2 of 35,390X 
Method VI 
This method is calledfang cheng [t] (calculation by tabulation) and is described 
in JZS VZZZ by means of the following example: 
Problem 5: JZS VIII, I [Qian 1963, 2211. 
3 bundles of top grade cereal, 2 bundles of medium grade and 1 bundle of low grade yield 39 
dou [u] of grains; 2 bundles of top grade, 3 bundles of medium grade and 1 bundle of low grade 
yield 34 dou; 1 bundle of top grade, 2 bundles of medium grade and 3 bundles of low grade 
yield 26 dou. Find the measure of grains contained in each bundle of the three grades of 
cereal. Answer: 1 bundle of top grade contains 9f dou, 1 bundle of medium grade 4+ dou and 1 
bundle of low grade 29 dou. 
Using our notation, we obtain the following set of equations: 
3x, + 2x2 + x3 = 39 
2x, + 3x2 + x3 = 34 
x1 + 2x2 + 3x3 = 26. 
The method begins by displaying the coefficients of the unknowns and the abso- 
lute terms in the form of a matrix. This is followed by a series of manipulations 
with two columns at a time, the aim being to obtain a column consisting of only 
one nonzero coefficient and an absolute term. Ultimately, the matrix could be 
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such that the zero terms form a triangle. The main stages of the working of this 
problem on the counting board are shown below. 
c3 + 3 x c3 - c, c3 + 5 x c3 - c2 - c-2 - c2 - c2 
After this, we are asked to perform the following operations: 
(i) 36 x 24 - 1 x 99 = 765, 
(ii) 765 + 5 = 153, 
(iii) 36 x 39 - 1 x 99 - 2 x 153 = 999, 
(iv) 999 + 3 = 333. 
The answers are then given as x3 = 99 +- 36, x2 = 153 + 36, and x1 = 333 + 36. It 
appears that division by 36 is left to the last stage to avoid fractions in the earlier 
stages. (For a translation of the solution, see [Lam & Ang 1987, 229-2341.) 
Once again, there is no explanation of how the method is derived, although Liu 
Hui [k] in his commentary has explained that the elimination process between 
columns does not affect the ultimate values of the results. Equations of Types 2 to 
5 can be found in the problems of JZS VIII. Care must have been taken in the 
construction of these problems as all sets of equations are solvable and the an- 
swers are correct. 
The general application of this method inevitably leads to the encounter of 
negative numbers. The earliest serious mathematical treatment of negative num- 
bers is in JZS VIII. After the fang cheng [t] method is illustrated by the above 
problem, the laws governing the addition and subtraction of positive and negative 
numbers are given in the form of two rules called the positive-negative rules 
(zheng fu shu [v]) [Lam & Ang 1987,235-2411. The rules are very terse and stated 
in a stanza form. We first give a translation of each rule followed by an interpreta- 
tion using modern notation. 
Rule I is for subtraction. 
When names are the same, perform subtraction; when names are different, perform addition. 
A positive number matched with nothing becomes negative and a negative number matched 
with nothing becomes positive. 
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If a and 6 are any two numbers, sgn a is Signum a or sign of a, and Ial is the 
absolute value of a, then 
a-b= 
i 
(Ial - I4hiw a, when sgn a = sgn b 
(Ial + I~Osgn a, when sgn a = -sgn b 
0 - b = -Ib(sgn 6. 
Rule 2 is for addition. 
When names are different, perform subtraction; when names are the same, perform addition. 
A positive number matched with nothing becomes positive and a negative number matched 
with nothing becomes negative. 
a+b= 
1 
@I - Jblhv a, when sgn a = -sgn 6 
(Ial + (blbgn a, when sgn a = sgn 6 
0 + b = lblsgn b. 
The “names” stated in the rules refer to the names of positive and negative 
numbers. It was Liu Hui who explained that positive numbers were represented 
by red rod numerals and negative numbers by black ones. Alternatively, if differ- 
ent color rods were not available, then negative numerals were indicated by an 
additional rod placed diagonally across the last nonzero digit of the numeral [Qian 
1963, 2251, for example, -32 is = N. 
These rules are significant in the history of mathematics because they not only 
manifest the earliest recognition of negative numbers, but also prove that the 
knowledge and understanding of this concept are remarkably profound. Except 
for the method of the above problem, the working of the rest of the problems in 
JZS VZZZ is not given. We are instructed to apply the positive-negative rules to 
problems that are involved with negative numbers. The following is one of them. 
Problem 6: JZS VIII, 8 [Qian 1963, 228-2291. 
If 2 cows and 5 goats are sold to buy 13 pigs, there is a remainder of 1000 qiun. If 3 cows and 3 
pigs are sold to buy 9 goats, there is no remainder. If 6 goats and 8 pigs are sold to buy 5 cows, 
there is a shortage of 600 qiun. Find the cost of a cow, a goat and a pig. Answer: A cow costs 
1200, a goat 500 and a pig 300. 
In his commentary of the chapter, Liu Hui undertook the difficult task of 
explaining the concepts of positive and negative numbers and of solving the prob- 
lems involved with negative numbers. 
Method VZZ 
This is a variation of Method VI and is Liu Hui’s method. After the coefficients 
of the unknowns and the absolute terms are displayed in the form of a matrix, the 
aim of the elimination process is to have the columns (except one of them) ex- 
pressed in different pairs of coefficients of the unknowns; the rest of the terms 
including the absolute terms of these columns are zero. In this way, the ratio of 
the unknowns is obtained. The following problem illustrates the method. 
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Problem 7: JZS VIII, 9 [Qian 1963, 2301. 
If 5 sparrows are weighed against 6 swallows, the sparrows are heavier than the swallows. If 
one sparrow is interchanged with one swallow, then the weights are equal. If the sparrows 
and swallows weigh 1 jin [i] [=16 bang [w]], find the weights of a sparrow and a swallow. 
Answer: A sparrow weighs 1H liang and a swallow 1~5 bang. 
In solving the set of equations 4x1 + x2 = xl + 5x2 = 8, Liu Hui pointed out that in 
addition to thefang cheng [t] method, another process of elimination gave x1 : x2 = 
413. 
The last problem of JZS VZZI involves the equations 
9x1 + 7x2 + 3X3 + 2x4 + 5x5 = 140 
7x1 + 6x2 + 4x3 + 5x4 + 3x5 = 128 
3x1 + 5x2 + 7x3 + 6x4 + 4x5 = 116 
2x* + 5x2 + 3x3 + 9x4 + 3x5 = 112 
X1 + 3x2 + 2x3 + 8x4 + 5x5 = 95. 
Liu Hui showed that this could be solved by either Method VI or VII. In the latter 
case, he derived x1 :x2 :x3 :x4 :x5 = 7 : 4 : 3 : 5 : 6 and then obtained the answers. 
The gist of the final part of the method is as follows: 
If x1 : x2 : . . . : xn = al : a2 : . . . : a, is derived and if c,]xr + cm2x2 + . . * + 
cntnx, = b, is an equation of the system, then we have 
cmlal -I- c,2a2 + - - - + c,,a, = e, say, 
and the results are 
ai& 
Xi = - e ’ 
i= 1,2,. . . ,n. 
(The solution is translated in [Lam & Ang 1987, 255-2581.) 
4. CONTINUATION OF THE TRADITION 
The above seven methods of solving linear equations are, fundamentally, as 
valid today using Hindu-Arabic numerals as they were some 2000 years ago using 
rod numerals. There was no apparent necessity to invent further methods. Liu 
Hui and the mathematicians after the JZS repeated the methods and the same 
types of problems; the more progressive mathematicians devised more compli- 
cated problems and extended or improved the existing methods. 
The problems involving linear equations in Chapter 2 of the Sun Zi suanjing [b] 
(c. A.D. 400) are very similar to those of the JZS. There are some problems on the 
exchange of foodstuff, others are straightforward application of the Rule of Three, 
and the last one concerns Method III. The Xiuhou Yang suanjing [x] (Mathemati- 
cal manual of Xiahou Yang) and the Zhang Qiujian suanjing [y] (both fifth cen- 
tury) also contain several examples of the application of Method I. However, the 
LINEAR EQUATIONS IN CHINA 117 
original name of this method, jin you [e], is not mentioned in these two treatises 
nor in the Sun Zi suanjing. 
The problems involving equations of Type 2 in the JZS can be assigned to three 
classes. The first class consists of problems of the “surplus and deficit” type and 
is solved by Method III. The second class is solved by means of an artificial 
creation of “surplus and deficit” and hence by Method IV. The third class, which 
is involved with a pair of general equations, is solved by Method VI, the fang 
cheng method. The method of the following problem from the Sun Zi suanjing is a 
simplified version of Method VI. 
Problem 8: Sun Zi ZZZ, 31 [Qian 1963, 3201. 
There are 
feet. Find 
pheasants and rabbits in the same cage 
the number of pheasants and rabbits. 
. The top 
Answer: 
94 shows 35 heads and the bottom 
23 pheasants, 12 rabbits. 
In the working, we are asked to halve 94 to give 47, to subtract 35 from 47 to give 
12, which is the number of rabbits, and then to subtract 12 from 35 to give the 
number of pheasants. 
Another problem from the same book shows the explicit use of Method VI. 
Problem 9: Sun Zi III, 28 [Qian 1963, 3 181. 
Two persons A and B hold unknown sums of money. If A has one half of B’s money then he 
has a total of 48; if B has two thirds of A’s money, he also has a total of 48. Find the original 
amount of money that each has. Answer: A has 36, B has 24. 
In the working of this problem, we are asked to display the numbers 2, 1, and 96 in 
the right column and 2, 3, and 144 in the left column. 
Zhang Qiujian suanjing contains three problems (III, 12, 13, 14) which also use 
Method VI. The computation of these problems, which are of Type 3 equations, 
does not involve negative numbers. 
The following problem similar to Problem 4 above uses Method V. 
Problem 10: Zhang Qiujian II, 17 [Qian 1963, 3671. 
A man invests a certain amount of money in Luo, where the interest is & of the capital. He 
withdraws 16000 qiun [j] the first time, 17000 the second time, 18000 the third time, 19000 the 
fourth time and 20000 the fifth time. On the last occasion, he has withdrawn all his money 
including the interests. Find the original capital. Answer: 35326 5918/16807 qian. 
Despite the dearth of existing material associated with linear equations from the 
6th to the 12th century, we can assume that the methods of solving these equa- 
tions were handed down from century to century and that the influence of the JZS 
was predominant, because when we come to the 13th century, similar types of 
problems and solutions appear again. We find, for instance, a number of such 
examples in Zhu Shijie’s [a] Suanxue qimeng [z] (Introduction to mathematical 
studies) written in 1299. This work is a conglomeration of elementary mathemati- 
cal knowledge, which an ordinary mathematician, a technologist, or anyone of 
that period who needed mathematics for practical use would be expected to know 
[Lam 1979, 31. 
Method I was known by different names. Yang Hui [aa] in his Xiang jie jiu 
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zhang suanfu zuan Zei [ab] (A detailed study of the mathematical methods in the 
Jiu zhung and a reclassification) (1261) called this method hu huun [ac] (mutual 
exchange), while Zhu Shijie called it yi cheng long chu [ad] (multiplication by a 
different denomination and division by the same denomination). Though Qin 
Jiushao [c] in Shu shu jiu zhung [ae] (Mathematical treatise in nine sections) (1247) 
used the same name as Zhu, his problems are complicated and a long way from the 
original Rule of Three [Libbrecht 1973, 391. 
Under the heading gui jiun fun Zii [af] (the contrasting rates of expensive and 
cheap), Zhu provided eight problems to illustrate Method II. The problems have 
complicated metrology and are similar to Problem 2. In addition to those for 
Methods I and II, Zhu’s Suunxue qimeng has numerous exercises for Methods III, 
IV, and VI. For Method VI, the elimination process involves negative numbers. 
While Qin Jiushao merely repeated the “positive-negative rules” of the JZS 
[Libbrecht 1973, 651, Zhu went a step further to add that the product of two 
numbers of the same sign is positive and that it is negative if the signs are different 
[Lam 1979, lo]. 
As Yang Hui was one of the commentators of the JZS, he was of course familiar 
with the methods in this book. In his work, the Xu gu zhui qi suunfu [ag] (Continu- 
ation of ancient mathematical methods for elucidating the strange properties of 
numbers), which is a collection of rare problems from the “forgotten literature of 
old editions,” there are examples illustrating Methods III and VI [Lam 1977, 164, 
173-1741. Among the existing problems of Yang’s Ri yong suunfu [ah] (Arithmeti- 
cal methods for daily use), there is one that corresponds to the final working of 
Method VI. For this problem, Yang also gave a geometrical explanation of its 
derivation. Yang’s problem and the diagram are shown below. 
Problem II: Ri yong suunfu in [ Yong le da diun [ail, Chap. 16343, 19b-20a]; see 
also [Lam 1972, 380-3821. 
Each dun [aj] of soya beans costs 785 wen [ak] and each dun of wheat costs 1 guun [al] 160 
wen. If 297 gum can buy 300 dun of soya beans and wheat, find the amount of each type 
bought. Answer: 136 dun of soya beans and 164 dun of wheat. 
136 dun of soya beans 164 dun of wheat 
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297,000 - dan of wheat (300 x 1 785) = _ 61,500 
1160 - 785 375 
’ 
The above geometrical derivation is reminiscent of the ancient derivation of the 
square root of a number [Lam 1969, 981 and the relationships of the sides of a 
right-angled triangle [Lam & Shen 1984, 95-1051. 
In the Shu shu jiu zhang [ae], Qin showed his aptitude in constructing compli- 
cated problems for the application of traditional methods. An illustration of this is 
the following problem, which is based on Method III. Qin called this method ying 
fei [am], which has the same meaning as ying bu zu [ml. 
Problem 12: Shu shu jiu zhang XVI, 6 [Qin 1247, Chap. 16, 18b]; see also 
[Libbrecht 1973, 1641. 
A warehouse has three kinds of material, cloth, floss silk and cotton, for making army 
uniforms. For the cloth, if every 6 men use 8 pi [an] there is a shortage of 160 pi, and if every 7 
men use 9 pi, there is a remainder of 560 pi. For the floss silk, if every 8 men use 150 fiung [w] 
there is a remainder of 16500 fiung, and if every 9 men use 170 hang there is a remainder of 
14400 fiung. For the cotton, if every 4 men use 13jin [i] there is a shortage of 6804jin, and if 
every 5 men use 14 jin the amount is just enough. Find the number of soldiers and the 
quantities of cloth, floss silk and cotton. Answer: 15120 soldiers; 2oooO pi of cloth, 300000 
liang of floss silk and 42336jin of cotton. 
This is actually a three-in-one problem illustrating cases (i), (ii), and (iii), respec- 
tively, of Method III. Qin provided diagrams to illustrate the computation with 
rod numerals. 
Qin gave two problems to illustrate Method VI. The first concerns Type 3 
equations, while the second involves Type 4, which is shown below [Qin 1247, 
Chap. 17, 7a-17b]: 
200x1 + 40X* = 106,000 
264x2 + 800x3 = 106,000 
1670x3 + 15x, = 106,000 
58$x, + 52x, = 106,000. 
The process of elimination is performed in a neat and systematic fashion and is 
depicted in 15 diagrams. We give below the second and last of these diagrams 
written in our numeral system instead of the rod numeral system (with the prices 
in guan [al] units shown in the first row). 
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Note that Qin placed the absolute terms in the first row instead of using the 
traditional method of having them in the last row. 
5. CONCLUSIONS 
The solution of linear equations is now regarded as a simple operation for a 
mathematician just as reckoning with the Hindu-Arabic numerals is a simple 
operation for a layman. However, prior to the adoption of the Hindu-Arabic 
numerals by the various countries in Europe, reckoning itself had been a difficult 
operation. Without a suitable medium to perform even the four fundamental oper- 
ations of arithmetic, the development of arithmetic (not to mention algebra) was 
extremely difficult. 
On the other hand, the ancient Chinese, using the rod numerals, had no diffi- 
culty with computation. In fact, the four fundamental operations of arithmetic 
performed with rods were the same as the earliest operations performed with 
Hindu-Arabic numerals [Lam 1987,37 l-378,392]. From here, the Chinese made 
great advances with fractions and also developed the subject of proportion to an 
equally high level. Consequently, they were able to derive Methods I and II, 
which were needed for practical applications especially in the barter trade and 
commerce. Liu Hui’s Method VII was also based on a firm knowledge of frac- 
tions, rates, and proportion. 
Method III manifested the initial attempts to solve a pair of linear equations in 
two unknowns. It showed that difficulties were overcome when the general nature 
of the problem concerning surplus and deficit was considered in three cases. 
Method IV revealed that the level of the ancient mind was such that it was 
sometimes easier to apply a known method mechanically (that is, Method III) to a 
problem than to resolve it through its “complicated” structure. 
At the beginning of this paper, we posed the question of how man acquired the 
ability to encapsulate concepts in notations. The Chinese were able to free con- 
cepts from linguistic descriptions through the rod numeral system. The use of the 
system for computation created a device in which numerals associated with cer- 
tain concepts held certain fixed positions relative to each other on the counting 
board. A method that was worked out for a particular problem was then perceived 
to be a technique that could be applied generally to similar types of problems. The 
notated positions on the counting board came to represent the general concepts 
that had to be filled by the relevant numerals. For example, in Method III, certain 
positions on the counting board represent rates, surplus, and deficit. Three types 
of methods were then evolved to solve problems involving surplus and deficit. 
The development of methods of notating concepts by means of positions on the 
counting board culminated in Method VI. This was a general method that could be 
applied to solve a set of any number of independent equations in the same number 
of unknowns. The tabulation of the numerals in the form of a matrix is a notation 
that represents the concept of a system of equations. It embodies not only the 
attainment of a complex concept but also the achievement of expressing such a 
concept in so simple a form. This notation is used even today, although the 
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columns are usually transposed into rows. The process of elimination in Method 
VI led to the important concept of negative numbers. The thorough understanding 
of the difficult concept of negative numbers was displayed in the formulated rules 
concerning positive and negative numbers. 
The elimination process of Method VI showed an awareness of the properties of 
an equation; among these, Liu Hui specifically pointed out that an equation repre- 
sented by a column of the matrix notation remained the same if all its terms were 
multiplied or divided by the same nonzero constant. Furthermore, a set of equa- 
tions represented by the matrix notation was not affected if one of the columns 
was added to or subtracted from another. Each column was formed from the data 
of the problem and in its final form of the elimination process, it had only the 
absolute term and one nonzero term representing the coefficient of an unknown. 
The solutions of linear equations form an essential part of elementary algebra, 
and it is remarkable that most of the concepts and methods associated with them 
were already known to the Chinese by the beginning of the Christian era. The 
study of the Chinese methods not only gives an insight into the subject, but it also 
shows man’s initial struggle to generalize and abstract mathematical concepts as 
well as his search for the forms to express them. 
NOTES 
1. For a description of the rod numeral system, see [Lam 1986, 1987, 19881. In her papers, she has 
argued for the thesis that the Hindu-Arabic numeral system has its genesis in the rod numeral system. 
2. The abbreviation, Roman numeral, and Arabic numeral 
ing, respectively: Jiu zhang suanshu, Chapter 2, Problem 8. 
in the form JZS ZZ, 8 denote the follow- 
3. A translation of all the problems of JZS VZZ can be found in [Lam 19741. 
4. The fractional values in qiun of this problem indicate that such problems (see also Problem 10) 
were written as a mathematical exercise and were not meant for the practical use for which Method II 
was devised. 
5. This notation indicates that the C’s on the left-hand side of the arrow refer to the columns of the 
above (new) matrix, and the C’s on the right-hand side of the arrow refer to the columns of the 
previous matrix. 
REFERENCES 
Lam Lay-Yong. 
102. 
1969. The geometrical basis of the ancient Chinese square-root method. Isis 61, 92- 
- 1972. The Jih yung suanfu: An elementary arithmetic textbook of the thirteenth century. Isis 
t&370-383. 
- 1974. Yang Hui’s commentary of the ying nu chapter of the Chiu chang suan shu. Historiu 
Mathematics 1,47-64. 
- 1977. A critical study of the Yang Hui Suan Fu. Singapore: Singapore Univ. Press. 
- 1979. Chu Shih-chieh’s Suan-hsiieh ch’i-meng (Introduction to mathematical studies). Archive 
for History of Exact Sciences 21, l-3 1. 
- 1986. The conceptual origins of our numeral 
for History of Exact Sciences 36, 183-195. 
system and the symbolic form of algebra. Archive 
- 1987. Linkages: Exploring the similarities between the Chinese rod numeral system and our 
numeral system. Archive for History of Exact Sciences 37, 365-392. 
122 LAM AND SHEN 
- 1988. A Chinese genesis: Rewriting the history of our numeral system. Archivefir History of 
Exact Sciences 38, 101-108. 
Lam Lay-Yong & Ang Tian-Se. 1987. The earliest negative numbers: How they emerged from a 
solution of simultaneous linear equations. Archives Znternationales d’hlistoire des Sciences 37, 
222-262. 
Lam Lay-Yong & Shen Kangshen. 1984. Right-angled triangles in ancient China. Archive for History 
ofExact Sciences 30, 87-l 12. 
Libbrecht, U. 1973. Chinese mathematics in the thirteenth century. The Shu-shu chiu-chang of Ch’in 
Chiu-shao. Cambridge, MA: MIT Press. 
Qian Baocong [aq] (Ed.) 1963. Suanjing shi shu [ao] (Ten mathematical manuals). Shanghai: Zhonghua 
shuju. 
Qin Jiushao [cl 1247. Shu shu jiu zhang [ae] (Mathematical treatise in nine sections). Page references 
are to the Yi jiu tang congshu [ap], 1842 ed. 
Smeur, A. J. E. M. 1978. The Rule of False applied to the quadratic equation, in three sixteenth 
century arithmetics. Archiues Znternationales d’Histoire des Sciences 28, 66-101. 
Smith, D. E. 1925. History of mathematics. Vol. 2, Special topics of elementary mathematics. New 
York: Ginn. 
Yong Le da diun [ai] (Great encyclopedia of the Yong Le reign). This book was compiled in the reign of 
Yong Le (1403-1424) in the Ming dynasty. Page references are to the 1960 ed., Shanghai: 
